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Motivation: convergence of F(*He) within NCSM 0 JULICH
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Similarity Renormalization Group (SRG) #) 0LICH
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Idea: continuously apply unitary transformation to the Hamiltonian to decouple low- and
high-momentum states (soften the interactions)

F.J. Wegner NPB 90 (2000). S.K. Bogner, R.J. Furnstahl, R.J. Perry PRC 75 (2007)

dIC_lIE‘S) = [[ Q ’H(S)]’H(S)]; H(S) = Trel + V(S); Trel = T12 + t3 — T23 + tl = T31 + t2
G=T,, V(S) = VIZ(S) + V13(S) + V23(S) + V123(S) + ...
WS 17, (9] H)|
ds

» universal operator equations, independent of any basis

* two different approaches:

» evolve H(s) in a discrete three-body HO basis (R. Roth, D. Jurgenson)
or hyperspherical momentum basis (K.A. Wendt), Vay(s) = V(s) — Vyn(s)

» evolve V(s) in a continuous Jacobi-momentum basis (K. Hebeler)
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Similarity Renormalization Group (SRG) #) 0LICH

FORSCHUNGSZENTRUM

Idea: continuously apply unitary transformation to the Hamiltonian to decouple low- and
high-momentum states (soften the interactions)

F.J. Wegner NPB 90 (2000). S.K. Bogner, R.J. Furnstahl, R.J. Perry PRC 75 (2007)

dH(s)

ds H G ’H(S)]’H(S)]; H(s) =T, + V() T,y=Tp+t=T3+1=T5+1
G=T,, V(s) = V5(s) + Vi5(5) + Vos(s) + Vixs(s) + ...
dV(s)
o= |[Terr V()| H(s)|

» universal operator equations, independent of any basis

* explicitly separate the flow equations for 2N and 3N interactions:  s.k. Bogner et al PRC75 (2007)

K. Hebeler PRC85 (2012)
dV,5(s)

ds

dV
= = [Clz’ Vi + Vs + V123] + [C31’ Vig+ Vs + V123]
ds Eq.(1)
+ [C23, Vio+ V3 + V123] + [C123’Hs]

= [[le’ VlZ] Ty + Vlz]

Cip = [Ty, Viols Cioz = [T, V123l

dV123

— 2NF spectator delta function on the RHS of equation for
out analytically

can be integrated
dS 3
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Projection on Jacobi momentum-basis !) JULICH
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dVi,(s)
ds

dVv
= = |Cios Va1 + Vs + Vips|  + (G315 Via + Va3 + Vig
ds Eq.(1)
+ [C23, V12 + V31 == V123] + [C123’ HS]

= [[T12. Vio)s Tia + Vi

Ciy = [T, Viols Cioz = [T V123l

P12 @12) = |P1os Uipsi) i ()t myn); (= Dhetdethe = — 1) 25
43

|progsad Ts oy, Its) = | pry s, (L) p (s3)B)T (41) Ty, 13)T)

e Evolve antisymmetrized interaction V,,; (K. Hebeler PRC85 (2012)) @) 23

< P12 @3 | Vias | P1a gza > = < pqa | (1 + P)Vi,.(1 + P) | pqa >
P = P,Py; + Py3Py5

e Use permutation operators to express V,5, V5, via Vi, :

V23 = P12P23 V12 P23P12’ V31 - P13P23 V12P23P13 4
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Projection on 2N momentum-basis #) JULICH
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e SRG flow equation for 2N potential: P12 @12) = P12, (5120715 (110)115 1,15)

dVi,(s)
s = [[le, V12],T12 + V12]
2 o 12
= NawP) ZJ Ak S+ L - V2 | (kp)
ds 2% 2ux2 %o 12 12012
o
e p? p? e
12 712
-{ au(p) TR = T ) ~T2(p ) — V2, op)

e using non-equidistant momentum grid with: p,,w, (n =1,--- N, )

= | Vo 12 /12 12 12 12 _ 12)2 y/12 i -
d’: = CoomstylZy12 4 yl2 Ceonstyl2 (712 T12) 7yl - —p elerrllerllt-wllse matrix
multiplication

const _ 2 12 12y. ~const __ .2 12 _ 712
Cmn = DPn Wy (Tm - Tn )7 Cnm’ = Pn Wn (Tm’ Tn )
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Projection on 3N momentum-basis g JULICH

FORSCHUNGSZENTRUM

* SRG flow equation for 3N interactions: |pg @) = | pg, (([5512)715 (ls)5B)] (141)T1,15)T)

adv
dISZ3 = [Cip, Va1 4+ Vas + Vi3] + G50 Via + Vs + Vigg| + [Cozs Vig + Va1 + Vigg| + [Ciosn Hy|
dv
= 9{p'q'ad| dlB |pga) = 6 (p'q'a’| (1 + P)C\,P,PxV}, — ViaP,PyCiy(1 + P) | pqa)

+3(p'q'a’|(1 + P)C},V,p3 — VipsCpo(1 + P) | pgar)
+3(p'q'a’|(1 + P)Cp53V), — Vi,Cip5(1 + P) | pgar)

+{p'q'a’| (1 + P)C53V) 03 — Vi3C3(1 + P) | pga)

+ <p’q’a’| (1 4+ P)Cy53T 93 — T193Ci3(1 + P) |pqa>

o dVil_z?) dV—

= (P'ga’|—=Ipqa) + (p'g'a| df?’ | pga)

S dV1+23 I, dV123
(p'q'a’|—=1Ipqa) + TRANSPOSE ({p'q'a'|— | pqa))

e using non-equidistant momentum grid with: p,,w,; g,,w, (n=1,-- N, ;)

dVi,
ds

=M (6C,MVyy + 3C N Vips Viy + BC1p + C NV )V )M + 9 Ceonst NV
=

p—

My = [ dx 2G,,(pgx) S(xpgx) S (p'q'x);  Cop™N = —(T,7 = T,%)? 6
-1
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System of differential equations for 2N & 3N #) 0LICH
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dviz, _ 5
mm_ _ ~const Y712 y/12 12 /~const yy12 12 _ 12 12
= Crtyiz vz yiR constyll (T2 —Ti2) " Viz,

ds mn = nm’
|—> linear in V!?

(element-wise matrix multiplication)

Eq.(3)

dVi'_23 mm’
’ — 12 a7 12 t,3N /123 Y12 ~12 const,3N y,123 123\ a7
T -_ an (6Cnn1Mn/n//Vn//ﬁ + 3 C’:ZTZS Vnn/ Vn// + (3Cnn/ + Cnl’l/ Vnn/ ) Vn/ﬁ ) Mﬁml
—(T)P -T'P)?vIZ —5 linearin y123 Eq.(4)

(element-wise matrix multiplication)

e total number of ODEs ~ 10% — 10° — using distributed memory
e linear terms in Eqs.(3-4) can be computed locally and very fast
e evaluations of non-linear terms are expensive (employ ScaLAPACK subroutines )

—> using ARKode solver from SUNDIALS to solve the system of ODEs for 2N+3N interactions
(based on adaptive-step additive Runge Kutta Methods)
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My =fE@,y) + fl(ny), i) =y, M=1I)

o fE(t,y) contains the “nonstiff ” time scale components, integrated explicitly

o fl(t,y) = f~1 (1) y contains the “stiff’ time scale components, integrated implicitly

® using one-step multirate method to update solution at each time step

Vo =Yuo1 +hy ) (BEFEGE L 2. + bl 7))
i=1

i—1
4 =yo1+h, Y (AEFEGE . 2) + hALFGL . 2)) + b ALz,
j=1

1,---, 8

e stage solutions z;, 1 = 1,---, s are obtained by solving

chaft

i—1

G(Z) == Y1 — (Afjf E(tf I Zj) + hnAiI, j I(tlg, I Zj)) - hnAi],if [(tzi,i’ z) =0
1

J= ~
hnAiI,ifI(té,i) Z;

Mitglied der Helmholtz-Gemeins

« N(ff) = s x N(f*)
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Solving the evolution equations #))0LICH
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2 /12 e 2 2 2\2 {/12
wn CEVEVE ¢ VEGVE — (18- T VE, 40
d B E I
S f1 fl
+ M (6C12/M , //Vl,,2~ + 3 Cconst,3N V12/3 ‘_/I% + (3612/ + Cconst,3N V12/3) V1,2~3) Y ,
dV123,mm’ B mn nn'ttn'n" Y n"ii an’' nn' ' n nn an’' nn n'A iim EC](4)
ds sz
_ (T8 i3y =0 > oo
/s
o use rather sparse momentum grid: N> . = 32(24), (NN =150 — 200 for NN-evolution)

— perform evolution of Eqs.(3-4) in two steps:

1. evolve Eqgs.(3-4) from s = 0 to s;,, = 0.001 fm*, save the intermediate result for V!3(s, )

evolve Eq.(3) in two-body space on much denser momentum grid.

2. read V'? (from a denser grid) + V!?% at 5, = 0.001 fm* and evolve further.
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SRG evolution of NN yN’LO(500)
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o use 1 = (4u’*/s)V"* [A] = [p] to characterise the SRG-evolved potentials

ISO

k[fm~1]

k[fm~1]

o

(provide a measure of the width of V in momentum space)
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SRG evolution of V"™V (pga, p'q'a’) J JULICH
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. 3
* hyperradius: &2 =p?+ =g an = —2— O@=—) a=a=1 = Vy="V.5)
4 V34 12
(K. Hebeler PRC85 (2012))
1.6 2.236 2.6 3.0  NZLO(550) 5 10-4
E
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v, d >
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T7 S
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w ' >
77 - £
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T ] E
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— study nucleon-deutron (Nd) scattering phase shifts for bare + SRG-evolved 3N forces

(need help from R. Skibinski, H. Witala...) B
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—8.2 1 3H
E -8 NN: N2LO(500)
T -84 3N: N*LO(500)
o
-8.5
—&— NN-only
—— NN +3N-full
—8.6 —#*— NN +3N srg-induced
i éll é é 1|0 1|2 1|4
Afm~1]
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E(*H) with N>LO(500) #) 0LICH
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Project V°"(pga, p'q'a’) to aHO basis: |I';,) = [NJ T, i)

e Jacobi HO basis: | B3y) = INJ T, npons; (LS e, (s $3) ), ((1:t)T) = INJ T, npons; a)

chaft

Bl VN Biy) = [dpdp’p2 pQqudq’ ¢*q° R} (P) R}, (@) {pqa| V¥ |p'q'a’) R2, (p) R,

Mitglied der Helmholtz-Gemeins

—> (T VN5 = D0 (Tanl Ban) Bawl V3V Bin) (Bin | Ty

P Biw e 12
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Results for A = 3 — 6 nuclei

NN + 3N : N?LO(500)

J—NCSM
A =2236fm™!
SH —8.480(3)
, _28.572
He
—28.295M

°Li(1%,0) —32.19(1.05)

®He(0%,1)  _29.05(1.04)

* P. Maris et. al., PRC 103. 054001

NCCTI*

s = 0.04 fm*

—28.585(5)
—28.290(3)M

—32.17(20)

—29.08(20)

(DNN + 3N : N*LO + (450) + N?LO(450)
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F-Y* Exp.

—8.482 —8.482

—28.72
—28.296
—28.31
~31.99
—29.27
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Energy SpeCtrum Of Ll J FJORSCHUNGSZENTRUM
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Summary o JULICH

® Evolve NN & 3N interactions in momentum space (use ARKODE solver from SUNDIALS)
» SRG-evolved 2N & 3N potentials available in both momentum and HO bases
e Good agreement between J-NCSM and NCCI binding energies for A=4-6

® Study Nd scattering phase shifts for SRG-3N forces

* Quantify effect of SRG-induced 4NFs on A=4,6 systems for different combinations
of chiral NN & 3N interactions

Thank You!
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System of differential equations for 2N & 3N

lmax — lmax —

7 pmax qmax 15 fm_l

1

— 8
> 9% 10

3

5 78 28 1.8 x 10°
S 104 24 2.1 x10°
2

7 120 - 2.4 % 10°
2
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