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dσ(Q, q⊥) ∼ H

(
Q2

µ2

)

︸ ︷︷ ︸

Hard part

∫

dq⊥eiq⊥ξ⊥ f1(x1, ξ⊥)f2(x2, ξ⊥)
︸ ︷︷ ︸

TMD PDF

S(ξ⊥)
︸ ︷︷ ︸

Soft fa
tor

[Collins,Soper,Sterman,86℄

The fa
torization theorem for transverse momentum dependent (TMD) pro
esses


ontains soft fa
tor, needed to 
ure rapidity divergen
es (mixed UV/IR divergen
es).

Soft fa
tor 
onsists of a set of Wilson lines and their geometri
al stru
ture 
an be

derived.

The geometri
al stru
ture of soft fa
tor is universal for any subpro
es (Q/Q, Q/G, G/Q
or G/G) but may depend on the kinemati
s of the pro
ess.

The key ingredient for the derivation is to identify the 
onvenient degrees of freedom.
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Gauge invarian
e of PDF

Gauge invarian
e of usual parton distributions

p

P=(Ep,p
→

p) Xp

x•P
Xq

q

e+

k=(Ee,p
→

e)

e+ / νe

k’ dσ ∼ LµνWµν

Wµν(Q, p, ..) =
1

4

∫

d4ξei(qξ)〈p| [Jµ(ξ)Jν(0)] |p〉,

Q2 ≫ Λ2 ⇒ ξ2 ∼ 0

Wµν(Q, p, ..) =

∫ 1

x

dy

y
Hµν(Q,

x

y
, µ)f(y, µ) +O(Q−1).

In a proper gauge (namely, light-
one gauge) and in�nite momentum frame the "large"


omponents of the quarks freely propagate along the "minus" dire
tion and in the leading

Q−1
order are gauge invariant. PDF resembles a free model:

A+ = 0 : f(x) ∼

∫

dξ−eixp
+ξ− 〈p|q̄(ξ)γ+q(0)|p〉

∣
∣
∣
ξ+,ξ⊥=0

. (1)
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Gauge invarian
e of PDF

Gauge invarian
e of usual parton distributions

From the light-
one gauge to the general 
ase

LC: q̄∂+γ+q ←−−−−−−−−−−→
q↔U(Aµ)q

q̄(∂+ + igA+)γ+q :no gauge �xing

U [Aµ](z) = W−(z) = P exp

(

−ig

∫ ±∞

0
dσA+(x+ nσ)

)

where the dire
tion of the line depends on the boundary 
onditions: plus for A+(∞) = 0
(retarded), minus for A+(−∞) = 0 (advan
ed).

q(x)→ U [Aµ](x)q(x), q̄(x)→ q̄(x)U†[Aµ](x)

f(x) ∼

∫

dξ−eixp
+ξ− 〈p|q̄(ξ)W †

+(z)γ+W+(0)q(0)|p〉
∣
∣
∣
ξ+,ξ⊥=0
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OPE for TMD pro
esses

Transverse momentum dependen
e

TMD PDF are subje
ts of pro
esses with two hadrons

Q≫ q⊥ ≫ Λ

For de�niteness, we keep in mind Drell-Yan kinemati
.

The hadron tensor reads

Wµν(q) =
1

4

∑

X

(2π)4δ(4)(PA + PB − q − PX)〈hA, hB |J
µ(0)|X〉〈X|Jν (0)|hA, hB〉.

The fa
torization of the TMD pro
esses has the following form:

Wµν(q) =
Hµν(Q2/µ2)

4

∫

d2ξ⊥e−i(q⊥ξ⊥)fA(xA, ξ⊥, µ2)fB(xB , ξ⊥, µ2)S(ξ⊥) +O

(
q⊥

Q

)

,

where S is a soft fa
tor that takes 
are the un
ompensated divergen
es of the intera
tion

between �nal states.
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OPE for TMD pro
esses

The 
onsideration of TMD pro
esses mu
h simpli�ed in spe
ial frame

P+
A ∼ P−

B ∼ Q

In su
h a system the hadron A mostly 
onsists of "large" 
omponents of the quark �eld,

whereas the hadron B mostly 
onsists of "small" 
omponents of the quark �eld:

|hA〉 ∼ Q+Q+Q+(1 + Q̄+Q+ + ..)|0〉+O
(

(P+
A
)−2

)

|hB〉 ∼ Q−Q−Q−(1 + Q̄−Q+ −+..)|0〉+O
(

(P−
B )−2

)

Q+(x) =
γ+γ−

2
q(x), Q−(x) =

γ−γ+

2
q(x).

It further simpli�es in terms of "gauge-invariant" variables

DIS experien
e suggests us to 
hoose the proper gauge, but there is no privileged gauge in

TMD 
ase.

We perform a "gauge-like transformation" of variables:

q(z)→W−(z)Q−(z) +W+(z)Q+(z), q̄(z)→ Q̄−(z)W †
−(z) + Q̄+W †

+(z),

W±(z) = P exp

(

−ig

∫ ∞

0
dσA±

(
z + σn±

)
)

.
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OPE for TMD pro
esses

SCET-like variables

similar to [Bauer, et al,0202088℄

q(z)→W−(z)Q−(z) +W+(z)Q+(z), q̄(z)→ Q̄−(z)W †
−(z) + Q̄+(z)W †

+(z),

The Lagrangian of quark in new variables reads:

LQCD = Q̄−γ+∂−Q− + Q̄+γ−∂+Q+ + Q̄+W †
+γµ

⊥D⊥
µ W−Q−

︸ ︷︷ ︸

non-lo
al int.

+ Q̄−W †
−γµ

⊥D⊥
µ W+Q+

︸ ︷︷ ︸

non-lo
al int.

Mixing Q+ and Q− �elds

Generally, the propagator of Q± is non-diagonal, and mixes "plus" and "minus" 
omponents

of Q's. But at large p+ for Q+ and large p− for Q−, the mixture is a 
orre
tion of order

k⊥

p+p−
.
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OPE for TMD pro
esses

In DY kinemati
s

P+
A ∼ P−

B ∼ Q≫ q⊥ ≫ Λ

LQCD = Q̄−γ+∂−Q− + Q̄+γ−∂+Q+ + Q̄+W †
+γµ

⊥
D⊥

µ W−Q− + Q̄−W †
−γµ

⊥
D⊥

µ W+Q+
︸ ︷︷ ︸

∼
k⊥
Q2

at least for Q's from di�erent hadrons

Suppression takes pla
e only for Q+ and Q− from di�erent hadrons, but for the same hadron

one has

k2
⊥

p+p−
∼ 1

We �nish up with two free "one dimensional" theories.

〈Q+Q̄+〉 =
iγ+

p+ + i0
,

〈Q−Q̄−〉 =
iγ−

p− + i0
,

here γ±
are 2× 2 matri
es.
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OPE for TMD pro
esses

TMD fa
torization for DY

The 
onvolution of 
urrents 
ontains 6 terms, but 4 of them lead to dis
onne
ted diagrams:

Jµ(ξ)Jµ(0) = (Q̄−γ+Q−)(ξ)(Q̄+γ−Q+)(0)
︸ ︷︷ ︸

dis
onne
ted term

+....

....+ (Q̄−W †
−γµ

⊥
W+Q+)(ξ)(Q̄−W †

−γµ
⊥
W+Q+)(0)

︸ ︷︷ ︸


onne
ted term

.

Operator produ
t expansion in "free" theory

Applying Wi
k theorem and Fierz identities we 
ome to

〈PA, PB|J
µ(ξ)Jµ(0)|PA, PB〉 ≃

〈PA|Q̄+(ξ)γ−Q+(0)|PA〉
︸ ︷︷ ︸

generi
 TMD PDF for NA

〈PB |Q̄−(0)γ+Q−(ξ)|PB〉
︸ ︷︷ ︸

generi
 TMD PDF for NB

1

Nc

〈tr
(

W+
−W+(0)W †

−W+(ξ)
)

〉

︸ ︷︷ ︸

generi
 for soft fa
tor

+O
(

k⊥

Q

)

These expression still mix di�erent twists.
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OPE for TMD pro
esses

The 
ounting rules for derivatives (here k⊥ is quark momentum inside hadron):

ξ−∂+Q+ ∼ 1, ξ⊥∂⊥Q+ ∼
k⊥

q⊥
∼ ?, ξ+∂−Q+ ∼

p−

Q
∼

1

Q2

ξ+∂−Q− ∼ 1, ξ⊥∂⊥Q− ∼
k⊥

q⊥
∼ ?, ξ−∂+Q− ∼

p+

Q
∼

1

Q2

Common assumption is that

k⊥

q⊥
is small but not negligible.

! To my understanding the 
ommon used TMD PDF overemphasizes the k⊥
orre
tions (it is

learer in pure SCET approa
h where 
ounting rules are stri
t ∂−Q+ ∼ ǫ2 and ∂⊥Q+ ∼ ǫ).

〈PA|Q̄+(ξ)γ−Q+(0)|PA〉 = 〈PA|Q̄+(ξ)γ−Q+(0)|PA〉
∣
∣
∣
ξ+=0

+O

(
1

Q2

)

.

〈PB |Q̄−(ξ)γ+Q−(0)|PB〉 = 〈PB |Q̄−(ξ)γ+Q−(0)|PA〉
∣
∣
∣
ξ−=0

+O

(
1

Q2

)

.
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OPE for TMD pro
esses

Finally, we return to QCD by performing the ba
k substitution

Q−(x) =
1

2
W †

−(x)γ−γ+q(x), Q+(x) =
1

2
W †

+(x)γ+γ−q(x)

To arrive at the standard fa
torization expression:

W (q) =
H(Q2/µ2)

4

∫

d2ξ⊥e−i(q⊥ξ⊥)fA(xA, ξ⊥, µ2)fB(xB, ξ⊥, µ2)S(ξ⊥) +O

(
q⊥

Q

)

,

where

f(x, ξ⊥) =

∫

dξ−eixp+ξ− 〈p|q̄(ξ)W †
+(ξ)γ+W+q(0)|p〉

∣
∣
∣
∣
∣
ξ+=0

S(ξ⊥) =
1

Nc

〈tr
(

W+
−W+(0)W †

−W+(ξ⊥)
)

〉
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OPE for TMD pro
esses

Remarks

Su
h an approa
h allows one to obtain the geometri
al pi
ture of TMD- pro
esses,

without 
onsideration of diagrams.

The passage from the DY kinemati
s to SIDIS 
an be done via 
rossing (n̄→ −n̄).

In singular gauges (su
h as light 
one gauge) one should add transverse links at in�nities

(these links do not 
hange the 
ounting rules but restore the gauge invarian
e of the

�elds Q).

The path of soft fa
tor ensures the 
olor �ow inside the pro
ess.

No need for tilting the light 
one (Collins&Soper).
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Comparison with standard SF

Rede�ning the TMD PDF

F (x, k⊥) =

∫
d2ξ⊥

(2π)3
ei(k⊥ξ⊥)f(x, ξ⊥)S− 1

2 (ξ⊥)

one makes the TMD fa
torization expression be soft-fa
tor free.

This 
oin
ides with the standard Collins de�nition of TMD PDF up to an auxiliary fa
tor:

FColl(x, k⊥) =

∫
d2ξ⊥

(2π)3
ei(k⊥ξ⊥)f(x, ξ⊥)S− 1

2 (ξ⊥)

√

Sy+ (ξ⊥)

Sy−(ξ⊥)

where Sy±(ξ) are soft fa
tors for the tilted 
ontours. These fa
tors 
an
el out in the

fa
torization formula and play only a transient in the derivation of the CS equation.

ln

(

µ
2

(p+)2

)

→ ln

(

µ
2

(p+)2eyn

)
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Gluon TMD PDF

The gluon TMD PDF appears (in LO) in the DY Higgs

produ
tion:

J = tr (FµνFµν)

In some proper variables (SCET 
onsideration

[Mantry,Petriello,09℄):

J(ξ)J(0) = tr(F+−F+−)(ξ)tr(F+−F+−)(0) + .....

...+ tr
(

W †
+F+µ⊥W+W †

−F−µ⊥W−

)

(ξ)tr
(

W †
+F+µ⊥W+W †

−F−µ⊥W−

)

(0)

Repeating the quark 
onsideration we get the same result but with Wilson lines doubled, or

in the adjoined representation:

W (q) =
H(Q2/µ2)

4

∫

d2ξ⊥e−i(q⊥ξ⊥)fG(xA, ξ⊥, µ2)fG(xB , ξ⊥, µ2)Sadj(ξ⊥) +O

(
q⊥

Q

)

,

where

fG(x, ξ⊥) =

∫

dξ−eixp+ξ− 〈p|F̄+µ(ξ)W †
+,adj

(ξ)W+,adjF
µ+|p〉

∣
∣
∣
∣
∣
ξ+=0

Sadj(ξ⊥) =
1

N2
c − 1

〈tr
(

W+
−,adjW+,adj(0)W

†
−,adjW+,adj(ξ⊥)

)

〉

The soft fa
tor is pres
ribed by the geometry 
olor �ow in the pro
ess.
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Gluon TMD PDF

One loop 
he
k

For the loop 
al
ulation one should introdu
e some regularization of the rapidity divergen
es.

There are several approa
hes (mostly the deformation eikinal gluon propogator, see [Idilbi,et

al℄, [Cherednikov,Stefanis℄)

1

k+ + i0
→

1

k+ + i∆+
, ∆+ > 0

Our way is to 
hange the de�nition of the operator by 
onstraining the light-
one in�nities at

the �nite points τ±.
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Gluon TMD PDF

One loop 
he
k

One 
an 
he
k expli
itly the 
an
elation of the rapidity divergen
es in the gluon 
ase

(together with fa
tor −1/2 from the square root):

F
(1)
v.g =

CA

ǫ

(
11

3
− 4 ln

(
τp+

)
)

+ ..., S
(1)
v.g =

CA

ǫ

(
1

ǫ
− 4 ln

(
τ2µ2/2

)
)

+ ...

F
(1)
r.g = CA

4

π
ln

(
τp+

)
+ ..., S

(1)
r.g = CA

4

π
ln

(
τ2k2⊥/2

)
+ ... .

The matri
es of anomalous dimensions at LO read

γ =
αs

π




Cf

(
3
2
− ln

(
p+2

µ2

))

0

0 11CA
6
−

2NfCf

3
− ln

(
p+2

µ2

)



 , γCS =
αs

π

(
2Cf 0
0 2CA

)
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Con
lusion

Con
lusion

We have shown that the soft fa
tor has (geometri
ally speaking) an "universal" form, in

the sense that its form is pro
ess dependent but sub-pro
ess independent.

The 
an
elations of rapidity divergen
es is shown at one-loop level for G/G TMD PDF.

The 
omplete matrix of anomalous dimensions at one-loop and CS anomalous

dimensions are presented.

Open questions

Overemphasize of k⊥ 
orre
tion in de�nition of the TMD PDF still un
lear.

Where is the "DGLAP part" of evolution? (anomalous dimension of TMD operator is

generalized fun
tion, should one take it into a

ount?)

...
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