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TMD PDF Soft factor

Hard part

[Collins,Soper,Sterman, 36|

The factorization theorem for transverse momentum dependent (TMD) processes
contains soft factor, needed to cure rapidity divergences (mixed UV/IR divergences).

Soft factor consists of a set of Wilson lines and their geometrical structure can be
derived.

The geometrical structure of soft factor is universal for any subproces (Q/Q, Q/G, G/Q
or G/G) but may depend on the kinematics of the process.

The key ingredient for the derivation is to identify the convenient degrees of freedom.
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Gauge invariance of PDF

Gauge invariance of usual parton distributions
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In a proper gauge (namely, light-cone gauge) and infinite momentum frame the "large"
components of the quarks freely propagate along the "minus" direction and in the leading
Q! order are gauge invariant. PDF resembles a free model:
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Gauge invariance of PDF

Gauge invariance of usual parton distributions

From the light-cone gauge to the general case

LC: §o4ytq ———— G0+ +igAy)yTq o gauge fixing
a-U(Ap)q

+oo
UlAu](z) = W_(z) = Pexp (—ig/(; doAy(z+ ncr))

where the direction of the line depends on the boundary conditions: plus for A4 (c0) =0
(retarded), minus for A4 (—o0) = 0 (advanced).

qa(z) = U[Au](z)q(2), a(z) = q(2)U'[A,])(z)
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OPE for TMD processes

Transverse momentum dependence

TMD PDF are subjects of processes with two hadrons

Q>q1L>A

For definiteness, we keep in mind Drell-Yan kinematic.
The hadron tensor reads

Wt (q) = i2(27")45(4)(PA + P —q— Px)(ha, hp|J*(0)|X)(X]J"(0)|ha, hB).
X

The factorization of the TMD processes has the following form:

wirg) = UG [ e e fyan ) i (anrn )S(mw( Q)

where S is a soft factor that takes care the uncompensated divergences of the interaction
between final states. )
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OPE for TMD processes

The consideration of TMD processes much simplified in special frame
+ —
Py ~Pp ~Q

In such a system the hadron A mostly consists of "large" components of the quark field,
whereas the hadron B mostly consists of "small" components of the quark field:

ha) ~ QiQeQr(L+Q+Q4 +.0)+0 ((P])7?)
hp) ~ Q-Q-Q-(1+Q-Q4 —+.)0)+0 ((P5)"?)

-t
T
(

Tlq@), Q- = g,

It further simplifies in terms of "gauge-invariant" variables

DIS experience suggests us to choose the proper gauge, but there is no privileged gauge in
TMD case.
We perform a "gauge-like transformation" of variables:

a(2) = W_(2)Q—(2) + Wi (2)Q4(2),  d(z) = Q-(2)W (2) + Q4 W] (2),

W4 (z) = Pexp (—ig /(-)oo doAy (2 + cmi)) .
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OPE for TMD processes

SCET-like variables
similar to [Bauer, et al,0202088]

4(z) = W_(2)Q-(2) + Wi(2)Q+(2),  4(2) = Q-(:)W1 (2) + Q+ (:)W] (2),

The Lagrangian of quark in new variables reads:

Locp =Q- T Q- +Qv 0.Q4 + Q+WI’75L_D§W7Q7 +Q7Wi’71DiW+Q+

non-local int. non-local int.

Mixing Q4 and Q_ fields

Generally, the propagator of Q4 is non-diagonal, and mixes "plus" and "minus" components

of Q’s. But at large pT for Q4 and large p~ for Q_, the mixture is a correction of order
ki
o

P
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OPE for TMD processes

In DY kinematics
Pl ~Pg ~Q>q >A

Loop=Q-7T0-Q- + Qv 01Qr + QWi DEW_ Q- +Q Wi DEW, Q.

k .
~ Q—Ji at least for Q’s from different hadrons

Suppression takes place only for Q4+ and @ — from different hadrons, but for the same hadron
2

one has —1_ ~ 1

Py

“““‘ We finish up with two free "one dimensional" theories.

XK

RREIRKKS e
“"0““’“ (Q+Q+) el
SRR, -

<Q*Q*) = Zr—_i_wv

here v& are 2 x 2 matrices.
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OPE for TMD processes

TMD factorization for DY

The convolution of currents contains 6 terms, but 4 of them lead to disconnected diagrams:

JHE)Tu(0) = Q-7 Q-)(E)(Q+y Q+)(0) +

disconnected term
+(@Q-WIHWLQ )@@ Wi WL Q1)(0).

connected term

Operator product expansion in "free" theory

Applying Wick theorem and Fierz identities we come to
(Pa, Pp|J*(§)Ju(0)|Pa, Pp) =~

(PAIQ4 (€)1 Q4 O)IP4) (PoIQ- (01 Q- (©1Pm) - (or (W WA OW W4 (©)))

generic TMD PDF for Ny generic TMD PDF for Np

generic for soft factor

L
+0 (%4)
These expression still mix different twists.
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OPE for TMD processes

The counting rules for derivatives (here k, is quark momentum inside hadron):

_ k p— 1
£€70,Qr ~1,  £01Q ~—~7 €0.Qi~ s~ —
qL Q

k _ p+ 1
to_Q_ ~1, ) ~ LA, 9.0 ~ P+t o~
3 Q £10,Q- 0 §704+Q 0~

Common assumption is that I;—i— is small but not negligible.

! To my understanding the common used TMD PDF overemphasizes the k corrections (it is
clearer in pure SCET approach where counting rules are strict 9—Q+ ~ €2 and 9, Q4 ~ e).

(PAIQ4 (O Q- O1Pa) = (PalQ+ 7~ Q0P| +0 (

(PuIQ-(©7+Q-(0)1Ps) = (PalQ- (v Q- ©OIPa)|__ +0 (55
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OPE for TMD processes

Finally, we return to QCD by performing the back substitution

1 _ 1 _
Q-(2) = ;W@ v a(), Q@) = sWl@ry q(@)
To arrive at the standard factorization expression:

W) = (Q ) /d25 e M foa(za, 60, 1) fB (2R, €1, 12)S(EL) + O ( a) )7

where

fla, €)= / de= =P +E (plg( )W (E)v T W 4(0)Ip)

£+=0

S(€1) = (o (WHWL OWI W (€0)))
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OPE for TMD pr

Remarks

@ Such an approach allows one to obtain the geometrical picture of TMD- processes,
without consideration of diagrams.

o The passage from the DY kinematics to SIDIS can be done via crossing (7 — —).

o In singular gauges (such as light cone gauge) one should add transverse links at infinities
(these links do not change the counting rules but restore the gauge invariance of the
fields Q).

@ The path of soft factor ensures the color flow inside the process.

& No need for tilting the light cone (Collins&Soper).
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tandard

Redefining the TMD PDF
d2¢,
(2m)3

one makes the TMD factorization expression be soft-factor free.

Faky) = eRL€L) f(z, 6, )ST2(EL)

This coincides with the standard Collins definition of TMD PDF up to an auxiliary factor:

2 i 1 S
FColl(ka‘L)Z/%el(kﬁﬂﬂx,ﬁl)S‘i(gL) Sy;ggi;
.

where S+ (&) are soft factors for the tilted contours. These factors cancel out in the
factorization formula and play only a transient in the derivation of the CS equation.
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Gluon TMD PDF

Py > X The gluon TMD PDF appears (in LO) in the DY Higgs
production:
J=tr (FFFu)
e q
. “““ In some proper variables (SCET consideration
[Mantry,Petriello,09]):
Py X

J(€)J0) = te(FT-Ft ) (Ote(FYT~FT7)(0) +.....

L tr (er Frecw, whp-r W_> ©)tr (er precw, wip-r W_) (0)

Repeating the quark consideration we get the same result but with Wilson lines doubled, or
in the adjoined representation:

2
W(q) = H(Q /u /d2£ e_l(ngL)fG($A7£L7 )fG(:BB’fL’ ) ad](El) +0 (%)7

where

falw,60) = [ d& e GIEHOW] Ly OW 0y P 1)

¢+=0
1
(0 (W Waaas OW g Wi (61) )

The soft factor is prescribed by the geometry color flow in the process.
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One loop check

For the loop calculation one should introduce some regularization of the rapidity divergences.
There are several approaches (mostly the deformation eikinal gluon propogator, see [Idilbi,et
al|, [Cherednikov,Stefanis|)

1 1

— , At >0
kt +40 kT +iAt

Our way is to change the definition of the operator by constraining the light-cone infinities at
the finite points 7.
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Gluon TMD PDF

One loop check

El

One can check explicitly the cancelation of the rapidity divergences in the gluon case

(together with factor —1/2 from the square root):

1
Fv'lg = % (E —41n (Tp+)) + .y Sq(,,l; = C— (— —41n (7'2;12/2)) + ...
€ 3 € €
4 4
Fr('lg) =Cap—1In (Tp+) + .. Sﬁ,lg =Cyp—1In (T2k'i/2) + ...
T T

The matrices of anomalous dimensions at LO read

+2
Qs Cf (%—ln(%)) 0 ’ch_as QCf 0
B 110 2N Cs pt2 ’ B 0o 2C
™ 0 A 5t = In (ALT) m A
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Conclusion

& We have shown that the soft factor has (geometrically speaking) an "universal" form, in
the sense that its form is process dependent but sub-process independent.

o The cancelations of rapidity divergences is shown at one-loop level for G/G TMD PDF.

@ The complete matrix of anomalous dimensions at one-loop and CS anomalous
dimensions are presented.

Open questions
¢ Overemphasize of k; correction in definition of the TMD PDF still unclear.

o Where is the "DGLAP part" of evolution? (anomalous dimension of TMD operator is
generalized function, should one take it into account?)
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