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H.J. Pirner and J.P. Vary, 
Phys. Rev. C. 84, 015201(2011);  
arXiv: nucl-th/1008.4962  

Under what conditions do we require a quark-based  
description on nuclear structure? 

“Quark Percolation in Cold and Hot Nuclei” 

Probes with Q > 1 GeV/c 
Spin content of the proton 
Nuclear form factors 
DIS on nuclei – Bjorken x > 1 
Nuclear Equation of State 



J.P. Vary, Proc. VII Int’l Seminar on High Energy Physics Problems,  
"Quark Cluster Model of Nuclei and Lepton Scattering Results,"  
Multiquark Interactions and Quantum Chromodynamics, V.V. Burov, Ed.,  
Dubna #D-1, 2-84-599 (1984) 186 [staircase function for x > 1] 
 
See also: Proceedings of HUGS at CEBAF1992, & many conf. proceedings 
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Comparison between Quark-Cluster Model and JLAB data 

Data:       K.S. Egiyan, et al., Phys. Rev. Lett. 96, 082501 (2006) 
Theory:   H.J. Pirner and J.P. Vary, Phys. Rev. Lett. 46, 1376 (1981) 
               and Phys. Rev. C 84, 015201 (2011); nucl-th/1008.4962;  
               M. Sato, S.A. Coon, H.J. Pirner and J.P. Vary, Phys. Rev. C 33, 1062 (1986) 





•  Basic	  idea:	  solve	  generalized	  wave	  eq.	  for	  quantum	  field	  evolu/on	  

	  

	  
	  
	  
•  Time:	  	  	  	  

•  Hamiltonian:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

•  On-‐shell	  condi/on:	  
	  	  

Basis	  Light-‐Front	  Quan/za/on	  Approach	  

i !
!x+

!(x+ ) = P+ !(x
+ )i !

!t
!(t) = H !(t)2 HAMILTONIAN DYNAMICS 19

Figure 1: Dirac’s three forms of Hamiltonian dynamics.

The two four-volume elements are related by the Jacobian J (x̃) = ||∂x/∂x̃||, particularly
d4x = J (x̃) d4x̃. We shall keep track of the Jacobian only implicitly. The three-volume
element dω0 is treated correspondingly.

All the above considerations must be independent of this reparametrization. The
fundamental expressions like the Lagrangian can be expressed in terms of either x or x̃.
There is however one subtle point. By matter of convenience one defines the hypersphere
as that locus in four-space on which one sets the ‘initial conditions’ at the same ‘initial
time’, or on which one ‘quantizes’ the system correspondingly in a quantum theory. The
hypersphere is thus defined as that locus in four-space with the same value of the ‘time-
like’ coordinate x̃0, i.e. x̃0(x0, x) = const. Correspondingly, the remaining coordinates
are called ‘space-like’ and denoted by the spatial three-vector x̃ = (x̃1, x̃2, x̃3). Because
of the (in general) more complicated metric, cuts through the four-space characterized
by x̃0 = const are quite different from those with x̃0 = const. In generalized coordinates
the covariant and contravariant indices can have rather different interpretation, and one
must be careful with the lowering and rising of the Lorentz indices. For example, only
∂0 = ∂/∂x̃0 is a ‘time-derivative’ and only P0 a ‘Hamiltonian’, as opposed to ∂0 and P 0

which in general are completely different objects. The actual choice of x̃(x) is a matter
of preference and convenience.

2D Forms of Hamiltonian Dynamics

Obviously, one has many possibilities to parametrize space-time by introducing some
generalized coordinates x̃(x). But one should exclude all those which are accessible by a
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H ! P0 H ! P+ =
P0 "P3
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[Dirac	  1949]	  

equal	  /me	  quan/za/on	  	  	  	  	  	  	  	  	  	  	  	  	  	  vs	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  light	  front	  quan/za/on	  	  



Discretized Light Cone Quantization 	

Pauli	  &	  Brodsky	  c1985	  

Basis Light Front Quantization*	
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where a"{ } satisfy usual (anti-) commutation rules.
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Orthonormal:	

	


Complete:	


*J.P.	  Vary,	  H.	  Honkanen,	  J.	  Li,	  P.	  Maris,	  S.J.	  Brodsky,	  A.	  Harindranath,	  G.F.	  de	  Teramond,	  	  
P.	  Sternberg,	  E.G.	  Ng	  and	  C.	  Yang,	  PRC	  81,	  035205	  (2010).	  ArXiv:0905:1411	  



Basis	  Func/ons	  

•  Op/mal	  basis	  is	  the	  key	  to	  numerical	  efficiency	  

•  Op/mal	  basis	  reflects	  the	  symmetries	  of	  the	  underlying	  theory	  

•  Mul/-‐par/cle	  basis	  is	  set	  up	  by	  Fock	  sector	  expansion	  
–  	  e.g.,	  	  	  

	  
•  For	  individual	  par/cles	  in	  each	  Fock	  sector	  

–  plane	  wave	  basis	  for	  longitudinal	  (	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  )	  direc/on	  
–  2D	  harmonic	  oscillator	  basis	  for	  transverse	  (	  	  	  	  	  	  	  	  	  	  	  	  )	  direc/ons	  
–  reflect	  the	  rota/onal	  symmetry	  of	  QED,	  QCD…	  in	  the	  transverse	  plane	  

	  	  

[Vary	  et	  al	  ’10,	  Honkanen	  et	  al	  ‘11]	  
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Set of transverse 2D HO modes for n=4	


m=0	
 m=1	
 m=2	


m=3	
 m=4	


J.P. Vary, H. Honkanen, J. Li, P. Maris, S.J. Brodsky, A. Harindranath,  
G.F. de Teramond, P. Sternberg, E.G. Ng and C. Yang, PRC 81, 035205 (2010).  
ArXiv:0905:1411 



•  Enumerate Fock-space basis subject to symmetry constraints 
•  Evaluate/renormalize/store H in that basis 
•  Diagonalize (Lanczos) 
•  Iterate previous two steps for sector-dep. renormalization 
•  Evaluate observables using eigenvectors (LF amplitudes) 
•  Repeat previous 4 steps for new regulator(s) 
•  Extrapolate to infinite matrix limit & remove all regulators 
•  Compare with experiment or predict new experimental results 
 

Steps to implement BLFQ 

Above achieved for QED test case – electron in a trap 
H. Honkanen, P. Maris, J.P. Vary, S.J. Brodsky, 
Phys. Rev. Lett. 106, 061603 (2011) 
 
Improvements:  trap independence, (m,e) renormalization, . . . 
X. Zhao, H. Honkanen, P. Maris, J.P. Vary, S.J. Brodsky, in prep’n 



Symmetries & Constraints	


bi
i
! = B

ei
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(mi
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! + si ) = Jz

ki
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2ni+ |mi | +1[ ]" Nmax
i
!
Global Color Singlets (QCD)
Light Front Gauge
Optional - Fock space cutoffs
H # H + !HCM

Finite basis regulators	




J.P. Vary, H. Honkanen, J. Li, P. Maris, S.J. Brodsky, A. Harindranath,  
G.F. de Teramond, P. Sternberg, E.G. Ng and C. Yang, PRC 81, 035205 (2010). ArXiv:0905:1411 



QED & QCD	


QCD	


Light Front (LF) Hamiltonian defined by its	

elementary vertices in LF gauge	






Regularization and Renormalization Schemes 

1.  Basis space regulators (2-D HO params, K) 
2.  Additional Fock space truncations (if any) 
3.  Counterterms identified/tested* 
4.  Sector-dependent renormalization** 
5.  SRG, OLS, . . . Adapted to BLFQ 

*D. Chakrabarti, A. Harindranath and J.P. Vary,  
“A Study of q-qbar States in Transverse Lattice QCD  
Using Alternative Fermion Formulations,”  
Phys. Rev. D 69, 034502 (2004); hep-ph/0309317 
 
**V. A. Karmanov, J.-F. Mathiot, and A. V. Smirnov,  
Phys. Rev. D 77, 085028 (2008);  
and new paper -  arXiv:1204.3257 
 



Evaluate	  Electron	  g-‐2	  with	  BLFQ	  Approach	  

•  Electron	  anomalous	  magne/c	  moment	  

•  Leading	  contribu/on	  to	  	  	  	  	  	  is	  from	  QED	  	  
	  
	  	  	  	  
	  	  	  
•  	  	  	  	  	  is	  electron	  Pauli	  form	  factor	  at	  zero-‐moment	  transfer	  limit:	  
	  
	  
•  In	  BLFQ,	  	  
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[Schwinger	  1948]	  

[Honkanen,	  et	  al,	  2011]	  





This	  may	  be	  	  
generalized	  to	  
higher	  Fock	  	  
space	  basis	  



ae / e
2

=
1
8! 2 = 0.11254...

•  	  	  As	  Nmax	  ∞,	  results	  approach	  Schwinger	  result	  
•  	  	  Less	  than	  1%	  devia/on	  from	  Schwinger’s	  result	  (by	  linear	  extrapl.)	  
•  	  	  Convergence	  over	  wide	  range	  of	  ω’s	  (by	  a	  factor	  of	  25!)	  

[X.	  Zhao,	  H.	  Honkanen,	  P.	  Maris,	  J.P.	  Vary,	  S.J.	  Brodsky,	  in	  prepara/on	  as	  major	  update	  to:	  	  	  
H.	  Honkanen,	  P.	  Maris,	  J.P.	  Vary,	  S.J.	  Brodsky,	  Phys.	  Rev.	  Leq.	  106,	  061603	  (2011)]	  

Numerical	  Results	  for	  Electron	  g-‐2	  	  











Positronium	  





With	  this	  choice	  the	  divergence	  of	  the	  instantaneous	  graph	  is	  cancelled	  exactly	  
by	  divergent	  part	  of	  the	  effec/ve	  interac/on.	  	  Henceforward,	  these	  cancelling	  
divergences	  are	  dropped	  from	  the	  calcula/ons.	  



Small	  x	  divergences	  
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Positronium	  in	  the	  ε	  -‐>	  0	  limit	  
aver	  taking	  Nmax	  -‐>	  ∞	  and	  K	  -‐>	  ∞	  



PRD	  45	  2968	  

Positronium	  with	  	  



-‐S.J.	  Brodsky,	  LC2012-‐Delhi	  



-‐S.J.	  Brodsky,	  LC2012-‐Delhi	  



0 0.2 0.4 0.6 0.8 1
x

1e-05

0.0001

0.001

0.01

0.1

1

10

D
is

tri
bu

tio
n 

Fu
nc

tio
n 

f(x
)

Nmax=14, K=21

Ground	  state	  Electron	  distribu/on	  func/on	  

Matrix	  Dimension	  =	  10,584	  &	  	  CPU	  hours	  =	  737	  



                     Conclusions and Outlook	

	

  BLFQ/tBLFQ are practical approaches to light-front QFT	

  As for LGT, they are computationally intensive	

  Massive amounts of computer resources are available	

  Next up: mesons and baryons	




Thank you	

	


I welcome your questions!	



