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Nucleon-Nucleon forces
Phenomenological	  descrip8on	  by	  Meson-‐exchange

H.	  Yukawa	  (1935)

Boson-‐Exchange	  Models	  as	  basis	  for	  NN-‐force

Highly	  sophis8cated	  	  phen.	  NN	  poten8als

Excellent	  descrip8on	  of	  many	  experimental	  data

Connec8on	  to	  QCD	  is	  unclear

QCD	  Interpreta8on	  of	  NN	  forces Chiral	  EFT	  Interpreta8on	  of	  NN	  forces

NN	  force	  as	  residual	  strong	  
interac8on	  between	  hadrons	  	  

At	  low	  energies	  NN	  force	  dominated	  by
Goldstone	  Boson	  dynamics	  +	  short	  range	  int.

Underlying	  QCD	  symmetries	  implemented
by	  construc8on

Systema8c	  perturba8ve	  descrip8on
of	  few	  nucleon	  poten8als	  

Model	  independent	  treatment

N

N

N

N



	  	  	  	  	  	  No	  perturba8ve	  descrip8on	  for	  bound	  states

V V NN	  cuts	  violate	  power	  coun8ng

	  	  	  	  	  Construct	  effec8ve	  poten8al	  perturba8vely

V …

	  	  	  	  Solve	  Lippmann-‐Schwinger	  equa8on	  nonperturba8vely

V TT V

Weinberg’s scheme for NN
Weinberg,	  Nucl.	  Phys.	  B	  363:	  3	  (1991)



LO:

NLO:
renormalization of  1π-exchange renormalization of  contact terms7 LECs leading 2π-exchange

2 LECs

N2LO: subleading 2π-exchangerenormalization of  1π-exchange

N3LO:

sub-subleading 2π-exchange 3π-exchange (small)

15 LECs renormalization of  contact termsrenormalization of  1π-exchange

+ 1/m and isospin-breaking corrections…

V2N	  =	  V2N	  	  +V2N	  +	  V2N	  +	  V2N	  +	  … Chiral expansion for the 2N force: (0) (2) (3) (4)

Nucleon-nucleon force up to N3LO
Ordonez et al. ’94; Friar & Coon ’94; Kaiser et al. ’97; Epelbaum et al. ’98,‘03; Kaiser ’99-’01; Higa et al. ’03; …



Neutron-proton phase shifts up to N3LO

dσ/dΩ  [mb/sr]

Ay N2LO	  
N3LO 
PWA

np scattering at 50 MeV

NLO
N2LO

N3LO

Deuteron binding energy & asymptotic normalizations As and ηd

Entem & Machleidt ‘03; Epelbaum, Glöckle & Meißner ‘05



Three-nucleon forces
Three-‐nucleon	  forces	  in	  chiral	  EFT	  start	  to	  contribute	  at	  NNLO

	  	  	  	  	  	  	  	  	  	  	  	  	  from	  the	  fit	  to	  	  	  	  	  	  	  	  -‐scaRering	  data

	  	  	  ,	  	  	  	  	  from	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  binding	  energy	  +
	  	  	  	  	  	  	  	  coherent	  	  	  	  	  	  	  	  -‐	  scaRering	  lengthc1,3,4

1

c1,3,4

1

πN

1

3
H,4He,10B

1

nd

1

LECs	  	  	  	  	  and	  	  	  	  	  incorporate	  short-‐range	  contr.

ρ, σ,ω

1

Resonance	  satura8on
interpreta8on	  of	  LECs

ρ, σ,ω

1

π

1

Delta	  contribu8ons	  encoded	  in	  LECs

Delta-‐resonance	  satura8on
Enlargement	  due	  to
	  Delta	  contribu8on	  

(Bernard, Kaiser & Meißner ’97)
∼ hA

1

c2,3,4

1

c3 = −2c4 = c3(∆/)−
4h2

A

9∆

1

π

1

(U. van Kolck ´94; Epelbaum et al. ´02; Nogga et al. ´05; Navratil et al. ´07)



9

nd elastic scattering 24

NLO potential based on the spectral functions regular-
ization, one finds at NLO (163) B3H = 7.71 . . .8.46 MeV
and B3He = 24.38 . . .28.77 MeV to be compared with
the experimental values B3H = 8.482 MeV and B3He =
28.30 MeV. These numbers are similar to the ones ob-
tained in Ref. (122) within the framework based on di-
mensional regularization.

At N2LO one, for the first time, has to take into ac-
count the crresponding 3NFs. The two LECs D and E
entering the expressions for the 3NF in Eq. (2.22) have
been determined by fitting the 3H binding energy and
either the nd doublet scattering length (123), the 4He
binding energy (281) or the properties of light nuclei
(282). Notice that the πNNNN vertex entering the
1π-exchange-contact 3NF also plays an important role
in processes with a completely different kinematics such
as e.g. the pion production in the NN collisions (283),
see section II.E, or weak reactions like pp → de+νe, see
(284) and references therein. This offers the possibil-
ity to extract the corresponding LEC from these pro-
cesses, see (284) for a recent attempt. With the LECs
being determined as described above, the resulting nu-
clear Hamiltonian can be used to describe the dynam-
ics of few-nucleon systems. In particular, 3N continuum
observables offer a natural and rich testing ground for
the chiral forces. In Refs. (122; 123; 285–293) various
3N scattering observables have been explored by solving
the momentum-space Faddeev equations with chiral two-
and three-nuclein forces as input. In the formulation of
Ref. (22), one first computes the T -matrix by solving the
Faddeev-like integral equation

T = t P φ + (1 + t G0)V 1
3N (1 + P )φ + t P G0 T

+ (1 + t G0)V 1
3N (1 + P )G0 T , (2.38)

where the initial state φ is composed of a deuteron and
a momentum eigenstate of the projectile nucleon. Here
V i

3N is that part of the 3N force which singles out the par-
ticle i and which is symmetric under the interchange of
the two other particles. The complete 3NF is decomposed
as V3N = V 1

3N + V 2
3N + V 3

3N . Further, G0 = 1/(E − H0)
is the free propagator of the nucleons, P is a sum of a
cyclical and anti-cyclical permutation of the three par-
ticles and t denotes the two-body t-matrix. Once T is
calculated, the transition operators Uel and Ubr for the
elastic and break-up channels can be obtained via

Uel = P G−1
0 + P T + V 1

3N (1 + P ) (1 + G0 T ) ,

Ubr = (1 + P )T . (2.39)

For details on solving these equations in momentum
space using a partial wave decomposition the reader is
referred to (294). The partial wave decomposition of
the 1π-exchange and contact 3NF at N2LO and the one-
pion-two-pion-exchange topology at N3LO is detailed in
Refs. (123) and (295), respectively. The expressions for
various observables in terms of the transition operators
are given in (22). The inclusion of the long-range electro-
magnetic interaction requires a non-trivial generalization
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FIG. 18 Differential cross section for elastic nd scattering at
Elab = 10 MeV (left panel) and 65 MeV (right panel). Light
(dark) shaded bands depict the results at NLO (N2LO). The
neutron-deuteron data at 10 MeV are from Ref. (298). The
remaining data at 10 MeV are the Coulomb/IB-corrected
proton-deuteron data from Refs. (299–301). The data at
65 MeV are proton-deuteron data from Ref. (302).

of the formalism, see (296; 297) for recent progress along
this line.

The results for the differential cross section in elas-
tic nd scattering are in a good agreement with the data,
see Fig. 18 for two representative examples. Notice, how-
ever, that the theoretical uncertainty becomes significant
already at intermediate energies. Qualitatively, this be-
havior is consistent with the one observed in the two-
nucleon system (272). Notice further that the descrip-
tion of the data improves significantly when going from
NLO to N2LO. The situation is similar for vector and
tensor analyzing powers, see Ref. (163) for a recent re-
view article. More complicated spin observables have also
been studied. As a representative example, we show in
Fig. 19 a selection of the proton-to-proton and proton-
to-deuteron polarization transfer coefficients measured in
d($p, $p )d and d($p, $d )p reactions at Elab

p = 22.7 MeV
(303; 304). The results at N2LO are in a reasonable
agreement with the data, see (302) for more examples.
One further observes that the theoretical uncertainty ob-
tained by the cutoff variation is underestimated at NLO,
see the discussion earlier in the text. It is, however, com-
forting to see that the description of the data improves
significantly when going from NLO to N2LO.

The nucleon-deuteron breakup reaction offers even
more possibilities than the elastic channel due to the
much richer kinematics corresponding to three nucleons
in the final state. It has also been studied extensively
over the last years, both theoretically and experimentally,
leaving one with mixed conclusions. While the differen-
tial cross section in some configurations such as e.g. the
recently measured np final-state interaction, co-planar
star and an intermediate-star geometries at low energies
are in a very good agreement with the data (287), large
deviations are observed in certain other configurations.
In particular, the so-called symmetric space-star configu-
ration (SST) appears rather puzzling. In this configura-
tion, the plane in the CMS spanned by the outgoing nu-

polarization transfer: 
25

FIG. 19 The proton-to-proton (left panel) and proton-to-
deuteron (right panel) polarization transfer coefficients in

d(!p, !p )d and d(!p, !d )p reactions at Elab
p = 22.7. Light (dark)

shaded bands depict the results at NLO (N2LO). Data are
from Refs. (303; 304).

0 4 8 12
S  [MeV]

0

0.5

1

1.5

2 d5
!/dS d"1 d"2

0 5 10 15 20 25
S  [MeV]

2

4

6

8 d3
!/d"3d"4dS

FIG. 20 Chiral EFT predictions for neutron-deuteron
breakup cross section (in mb MeV−1 sr−2) along the kinemat-
ical locus S. Light-shaded (dark-shaded) bands refer to the
results at NLO (N2LO). Left panel: The SST configuration
at EN = 13 MeV. Neutron-deuteron data (open triangles) are
from (305; 306), proton-deuteron data (filled circles) are from
(307). Right panel: The SCRE configuration with α = 56◦

at EN = 19 MeV (292). Dashed and dashed-dotted lines are
results based on the CD Bonn 2000 2NF (18) combined with
the TM99 3NF (308) and the coupled channel calculation in-
cluding the explicit ∆ and the Coulomb interaction (296),
respectively.

cleons is perpendicular to the beam axis, and the angles
between the nucleons are 120◦. At Elab = 13 MeV, the
proton-deuteron and neutron-deuteron (nd) cross section
data deviate significantly from each other. Theoretical
calculations based on both phenomenological and chiral
nuclear forces have been carried out for the nd case and
are unable to describe the data, see Fig. 20. Moreover,
the Coulomb effect was found to be far too small to ex-

plain the difference between the pd and nd data sets.
Recently, proton-deuteron data for a similar symmetric
constant relative-energy (SCRE) configuration have been
measured in Cologne (292). This geometry is character-
ized by the angle α between the beam axis and the plane
in the CMS spanned by the outgoing nucleons. Similar
to the SST geometry, one observes large deviations be-
tween the theory and the data, in particular for α = 56◦,
see Fig. 20. The included 3NFs have little effect on the
cross section while the effect of the Coulomb interaction
is significant and removes a part of the discrepancy. No-
tice that all above cases correspond to rather low energies
where one expects good convergence of the chiral expan-
sion. Furthermore, contrary to the Ay-puzzle, the cross
sections discussed above are mainly sensitive to the two-
nucleon S-waves without any known fine tuning between
partial waves. First attempts have been made in the
past few years to perform deuteron breakup experiments
at intermediate energies, in particular at EN = 65 MeV
(289), in which a large part of the phase space is covered
at once. Chiral EFT results at N2LO for more than 155
data points were shown to be of a comparable quality
to the ones based on modern phenomenological nuclear
forces.

Recently, first results for the 4N continuum based on
both phenomenological and chiral nuclear forces and in-
cluding the Coulomb interactions have become available,
see (309; 310) for p−3He scattering, (311) for the n−3He,
p−3H and d−d scattering, and (312) for the related ear-
lier work. These studies do not yet include effects of
3NFs but clearly indicate that at least some of the puz-
zles observed in the 3N continuum also persist in the 4N
continuum (such as e.g. the Ay-puzzle in p−3He scatter-
ing (310)). For a promising new approach to describe
scattering states in even heavier systems the reader is
referred to (313).

The properties of certain S-shell and P-shell nuclei
with A ≤ 13 have been analyzed recently based on the
no-core shell model (NCSM), see (281; 282) and (314)
for an overview. In Fig. 21 we show some results from
Ref. (282) for the spectra of 10B, 11B, 12C and 13C. We
emphasize that the LECs D and E entering the N2LO
3NF were determined in these calculations by the triton
binding energy and a global fit to selected properties of
6Li, 10B and 12C. These studies clearly demonstrate that
the chiral 3NF plays an important role in the descrip-
tion of spectra and other properties of light nuclei. The
inclusion of the 3NF allows to considerably improve the
agreement with the data. Further results for light nu-
clei and the dilute neutron matter based on the lattice
formulation of chiral EFT are given in sections II.G and
III.E.

D. The role of the ∆-isobar

The chiral expansion for the long-range part of the
nuclear force discussed in the previous section exhibits a
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at EN = 19 MeV (292). Dashed and dashed-dotted lines are
results based on the CD Bonn 2000 2NF (18) combined with
the TM99 3NF (308) and the coupled channel calculation in-
cluding the explicit ∆ and the Coulomb interaction (296),
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calculations based on both phenomenological and chiral
nuclear forces have been carried out for the nd case and
are unable to describe the data, see Fig. 20. Moreover,
the Coulomb effect was found to be far too small to ex-

plain the difference between the pd and nd data sets.
Recently, proton-deuteron data for a similar symmetric
constant relative-energy (SCRE) configuration have been
measured in Cologne (292). This geometry is character-
ized by the angle α between the beam axis and the plane
in the CMS spanned by the outgoing nucleons. Similar
to the SST geometry, one observes large deviations be-
tween the theory and the data, in particular for α = 56◦,
see Fig. 20. The included 3NFs have little effect on the
cross section while the effect of the Coulomb interaction
is significant and removes a part of the discrepancy. No-
tice that all above cases correspond to rather low energies
where one expects good convergence of the chiral expan-
sion. Furthermore, contrary to the Ay-puzzle, the cross
sections discussed above are mainly sensitive to the two-
nucleon S-waves without any known fine tuning between
partial waves. First attempts have been made in the
past few years to perform deuteron breakup experiments
at intermediate energies, in particular at EN = 65 MeV
(289), in which a large part of the phase space is covered
at once. Chiral EFT results at N2LO for more than 155
data points were shown to be of a comparable quality
to the ones based on modern phenomenological nuclear
forces.

Recently, first results for the 4N continuum based on
both phenomenological and chiral nuclear forces and in-
cluding the Coulomb interactions have become available,
see (309; 310) for p−3He scattering, (311) for the n−3He,
p−3H and d−d scattering, and (312) for the related ear-
lier work. These studies do not yet include effects of
3NFs but clearly indicate that at least some of the puz-
zles observed in the 3N continuum also persist in the 4N
continuum (such as e.g. the Ay-puzzle in p−3He scatter-
ing (310)). For a promising new approach to describe
scattering states in even heavier systems the reader is
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The properties of certain S-shell and P-shell nuclei
with A ≤ 13 have been analyzed recently based on the
no-core shell model (NCSM), see (281; 282) and (314)
for an overview. In Fig. 21 we show some results from
Ref. (282) for the spectra of 10B, 11B, 12C and 13C. We
emphasize that the LECs D and E entering the N2LO
3NF were determined in these calculations by the triton
binding energy and a global fit to selected properties of
6Li, 10B and 12C. These studies clearly demonstrate that
the chiral 3NF plays an important role in the descrip-
tion of spectra and other properties of light nuclei. The
inclusion of the 3NF allows to considerably improve the
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NOT ALL IS WELL W/ 3 NUCLEONS

• Deuteron break-up in the

Symmetric Constant Relative Energy

configuration at Ed = 19 MeV

Ley et al., Phys. Rev. C 73 (2006) 064001
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to resolve XS discrepancy⇒ need full N
3
LO calculation + Coulomb Deltuva et al.

Glöckle et al.
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For	  references	  see	  recent	  reviews:
Epelbaum, Prog. Part Nucl. Phys. 57 (06) 654
Epelbaum, Hammer, Meißner, Rev. Mod. Phys. 81 (09) 1773
Entem, Machleidt, Phys. Rept. 503 (11) 1
Epelbaum, Meißner, arXiv:1201.2136, 
                      to appear in Ann. Rev. Nucl. Part. Sci. 
Kalantar et al. Rep. Prog. Phys. 75 (12) 016301

Generally	  good	  descrip8on	  of	  data.
But	  some	  discrepancies	  arise.	  E.g.	  	  
break-‐up	  observables	  for	  SCRE/SST	  	  
configura8on	  at	  low	  energy

Hope	  for	  improvement	  at	  N3LO
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Proton-3He elastic scattering
Viviani, Girlanda, Kievsky, Marcucci, Rosati arXiv: 1004.1306
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p-‐3He	  differen8al	  cross	  sec8on	  at	  low	  energies
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Fig. 6. p − 3He Ay observable calculated with the I-N3LO (blue dashed line), the I-N3LO/N-N2LO (blue solid line), and the AV18/UIX
(thin green solid line) interaction models for three different incident proton energies. The experimental data are from Refs. [37,22,36].

proton	  vector	  analyzing	  power	  Ay-‐puzzle

As	  in	  n-‐d	  scaRering	  case	  N2LO	  3NF‘s	  are	  not	  enough	  
to	  resolve	  underpredic8on	  of	  Ay

Hope	  for	  improvement	  
at	  higher	  orders
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Three-nucleon forces
Three-‐nucleon	  forces	  at	  N3LO

Rich	  isospin-‐spin-‐orbit	  structure

Long	  range	  contribu8ons

No	  addi8onal	  free	  parameters

Expressed	  in	  terms	  of

Δ(1232)-‐contr.	  are	  important

Large

Bernard, Epelbaum, H.K., Meißner ´08; Ishikawa, Robilotta ´07

gA, Fπ,Mπ

1

ci ∼

1

Shorter	  range	  contribu8ons

LECs	  needed	  for	  shorter	  range	  contr.

Central	  NN	  contact	  interac8on	  
does	  not	  contribute

	  Unique	  expressions	  in	  the	  sta8c
	  limit	  for	  a	  renormalizable	  3NF

gA, Fπ,Mπ, CT

1

Bernard, Epelbaum, H.K., Meißner ´11
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We	  determine	  	  	  	  	  	  	  	  from	  Triton	  β-decay	  

0+2

CD

r(2+1 )[fm]

1

0+2

−8.48MeV

r(2+1 )[fm]

1
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Results for Helium-4
Epelbaum,	  H.K.	  Lee,	  Meißner:	  Phys.	  Rev.	  LeR.	  106	  (2011)	  192501,	  

Phys.	  Rev.	  LeR	  104	  (2010)	  142501,	  Eur.	  Phys.	  J.	  A45	  (2010)	  335
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Ground	  state	  energy	  of	  Helium-‐4	  in	  a	  box	  of	  length L = 11.8 fm

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

Ground state of Helium-4 

Epelbaum, Krebs, D.L, Meißner, PRL 104 (2010) 142501;  
EPJA 45 (2010) 335; PRL 106 (2011) 192501 
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LO +	  NLO	  +	  IB	  +	  EM +	  NNLO Exp.	  Value

−28.0(3)MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

−24.9(5)MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

−28.3(6)MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

−28.3MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1
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Accurate	  descrip8on	  of	  experimental	  value	  already	  at	  LO

Cancela8ons	  betw.	  NLO	  +	  IB	  +	  EM	  and	  NNLO
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Results for Beryllium-8
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Ground	  state	  energy	  of	  Beryllium-‐8	  in	  a	  box	  of	  length L = 11.8 fm

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

Ground state of Beryllium-8 

Epelbaum, Krebs, D.L, Meißner, PRL 106 (2011) 192501 

39 

LO +	  NLO	  +	  IB	  +	  EM +	  NNLO Exp.	  Value
−57(2)MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

−47(2)MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

−55(2)MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

−56.5MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1
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Accurate	  descrip8on	  of	  experimantal	  value	  already	  at	  LO

Cancela8ons	  betw.	  NLO	  +	  IB	  +	  EM	  and	  NNLO
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Results for Carbon-12
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Ground	  state	  energy	  of	  Carbon-‐12	  in	  a	  box	  of	  length L = 11.8 fm

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

LO +	  NLO	  +	  IB	  +	  EM +	  NNLO Exp.	  Value
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Results	  for	  two	  different	  SU(4)	  couplings	  	  	  	  	  	  	  	  	  	  	  	  no	  dependence	  on	  SU(4)	  filter	  	  

Finite	  volume	  correc8ons	  smaller	  than	  combined	  sta8s8cal	  and	  extrapola8on	  
error	  bars
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Ground state of Carbon-12 

Epelbaum, Krebs, D.L, Meißner, PRL 104 (2010) 142501;  
EPJA 45 (2010) 335; PRL 106 (2011) 192501 

41 
−96(2)MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

−77(3)MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

−92(3)MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

−92.2MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1
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Hoyle state 02
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Two	  different	  Ini8al/final	  
states	  configura8ons
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No	  signal	  for	  02	  if	  ini8al/final	  states	  with	  all	  three	  alpha	  clusters	  at	  rest	  

Hoyle	  state	  is	  not	  a	  loosly-‐bound	  BEC	  of	  three	  alpha	  clusters

Strong	  signal	  for	  02	  if	  there	  is	  some	  rela8ve	  mo8on	  excited	  betw.	  two	  alpha	  clusters
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+

+

Hoyle	  state	  as	  bent-‐arm	  or	  obtuse	  triangular	  configua8on

No	  visible	  relaxa8on	  to	  the	  ground	  state	  for	  Euclidean	  8me	  probed
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Our analysis makes use of a periodic cubic lattice with a
lattice spacing of a ¼ 1:97 fm and a length of L ¼ 12 fm.
In the time direction, we use a step size of at ¼ 1:32 fm
and vary the propagation time Lt to extrapolate to the limit
Lt ! 1. The nucleons are treated as pointlike particles on
lattice sites, and interactions due to the exchange of pions
and multi-nucleon operators are generated using auxiliary
fields. Lattice effective field theory was originally used to
calculate the many-body properties of homogeneous nu-
clear and neutron matter [19,20]. Since then, the properties
of several atomic nuclei have been investigated [21,22].
A recent review of the literature can be found in Ref. [23].

We use Euclidean time propagation to project on to
low-energy states of the interacting system. Let H be the
Hamiltonian. For any initial quantum state !, the projec-
tion amplitude is defined as the expectation value he"Hti!.
For large Euclidean time t, the exponential operator e"Ht

enhances the signal of low-energy states. Energies can then
be determined from the exponential decay of these ampli-
tudes. The first and last few time steps are evaluated using
a simpler Hamiltonian HSUð4Þ, based upon the Wigner
SU(4) symmetry for protons and neutrons [24]. Such a
Hamiltonian is computationally inexpensive and is used
as a low-energy filter before the main calculation. This
technique is described in Ref. [23].

In Table I, we present lattice results for the ground
state energies of 4He and 8Be up to NNLO. The method
of calculation is nearly identical to that described in
Refs. [13,22,25]. As discussed in these references, our
LO result already includes a large portion of the correc-
tions usually counted at NLO. Therefore the scaling of
corrections with increasing order decreases much more
rapidly than suggested by the results in Table I. The
higher-order corrections are computed using perturbation
theory, and the coefficients of the nucleon-nucleon inter-
action are determined by fitting available low-energy scat-
tering data. In our calculations the NNLO corrections
correspond to three-nucleon forces. A detailed description
of the interactions at each order can be found in Ref. [25].
We have used the triton binding energy and the weak axial
vector current to fix the low-energy constants cD and cE
which enter the three-nucleon interaction. In comparison
with Ref. [13], improvements have been made using

higher-derivative lattice operators which eliminate the
overbinding of the LO action for larger nuclei such as
16O. The details of this improved action will be discussed
in a forthcoming publication. We note that the computed
binding energies for 4He and 8Be at NNLO are in agree-
ment with the experimental values.
In our projection Monte Carlo calculations, we use a

larger class of initial and final states than hitherto consid-
ered. For 4He, we use an initial state with four nucleons,
each at zero momentum. For 8Be, we use the same initial
state as for 4He, followed by application of creation opera-
tors after the first Euclidean time step in order to inject four
more nucleons at zero momentum. An analogous procedure
is performed in order to extract four nucleons before the
last Euclidean time step. Such injection and extraction of
nucleons at zero momentum helps to eliminate directional
biases caused by the initial and final state momenta.
We make use of many different initial and final states in

order to probe the structure of the various 12C states. For
the 12C states investigated here, we measure four-nucleon
correlations by calculating the expectation value h!4i,
where ! is the total nucleon density. We find strong four-
nucleon correlations consistent with the formation of alpha
clusters. In Fig. 1, we present lattice results for the energy
of 12C at leading order versus Euclidean projection time t.
For each of the initial states A"D, we start with delocal-
ized nucleon standing waves and use a strong attractive
interaction in HSUð4Þ to allow the nucleons to self-organize
into a nucleus. For the initial states " and #, we use alpha
cluster wave functions to recover the same states found
using the initial states A"D. For these calculations, the
interaction in HSUð4Þ is not as strong and the projected
states retain their original alpha cluster character.
In Panel I of Fig. 1, we show lattice results correspond-

ing to the initial states A, B, and ", each approaching
the ground state energy "96ð2Þ MeV. For initial state A,
we start with four nucleons (each at zero momentum) apply

TABLE I. Lattice results and experimental values for the
ground state energies of 4He and 8Be, in units of MeV. The
quoted errors are one standard deviation estimates which include
both Monte Carlo statistical errors and uncertainties due to
extrapolation at large Euclidean time.

4He 8Be

LO [OðQ0Þ] "28:0ð3Þ "57ð2Þ
NLO [OðQ2Þ] "24:9ð5Þ "47ð2Þ
NNLO [OðQ3Þ] "28:3ð6Þ "55ð2Þ
Expt. "28:30 "56:50
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FIG. 1 (color online). Lattice results for the 12C spectrum at
leading order (LO). Panel I shows the results using initial states
A, B, and ", each of which approaches the ground state energy.
Panel II shows the results using initial states C, D, and #. These
trace out an intermediate plateau at an energy ’ 7 MeV above
the ground state.
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creation operators after the first time step to inject four
more nucleons at rest, followed by the injection of four
additional nucleons at rest after the second time step. This
procedure is used in reverse to extract nucleons for the final
state A. An identical scheme is used for initial state B,
though the interactions in HSUð4Þ are not as strongly attrac-
tive as those for A.

For the initial state !, we use a wave function con-
structed from of three alpha clusters, as shown in Fig. 2.
The alpha clusters are formed by Gaussian wave packets
centered on the vertices of a compact triangle. In order to
construct eigenstates of total momentum and lattice cubic
rotations, we consider all possible translations and rota-
tions of the initial state. There are a total of 12 equivalent
orientations of !. We do not find rapid convergence to the
ground state when starting from any other configuration of
alpha clusters. We thus conclude that the alpha cluster
configurations in Fig. 2 have the strongest overlap with
the 0þ1 ground state of 12C. The fact that ! is an isosceles
right triangle rather than an equilateral triangle is merely
a lattice artifact.

In Panel II of Fig. 1, we show the leading-order energies
obtained from the initial states C, D, and ". Each of these
approaches an intermediate plateau at $89ð2Þ MeV. In the
limit of infinite Euclidean time, these would eventually also
approach the ground state energy. However, it is clear that a
different state is first being formed which is distinct from the

ground state. We identify the 0þ state in this plateau region
as the 0þ2 Hoyle state. The common thread connecting the
initial states C,D, and" is that each produces a state which
has an extended (or prolate) geometry. This is in contrast to
the oblate triangular configuration shown in Fig. 2.
For initial state C, we take four nucleons at rest, four

with momenta (2!=L, 2!=L, 2!=L), and four with mo-
menta ($ 2!=L, $2!=L, $2!=L). Similarly, for initial
state D we take four nucleons at rest, four with momenta
(2!=L, 2!=L, 0), and four with momenta ($ 2!=L,
$2!=L, 0). Finally, initial state " uses a set of three alpha
clusters formed by Gaussian wave packets centered on the
vertices of a bent-arm (or obtuse) triangular configuration,
as shown in Fig. 3. There are a total of 24 equivalent
orientations of ". We do not find the same energy plateau
starting from other configurations of alpha clusters. We con-
clude that configurations of the type shown in Fig. 3 have
the strongest overlap with the 0þ2 Hoyle state of 12C.
We use the multichannel method of Ref. [13] to find a

spin-2 excitation above the ground state, as well as a spin-2
excitation above the Hoyle state. In both cases, we make
use of the Eþ representation of the cubic rotation group on
the lattice. We summarize our results for the binding
energies of the low-lying, even-parity states of 12C in
Table II. The binding energies at NNLO are in agreement
with the experimental values.
In Table III, we present results at LO for the root-mean-

square charge radii and quadrupole moments of the even-
parity states of 12C, with experimental values given where
available. In this study, we compute electromagnetic
moments only at LO. We note that moments such as the
charge radius for resonances above threshold are dependent

FIG. 2 (color online). Illustration of the initial state!. There are
12 equivalent orientations of this compact triangular configuration.

FIG. 3 (color online). Illustration of the initial state ". There
are 24 equivalent orientations of this bent-arm or obtuse trian-
gular configuration.

TABLE II. Lattice and experimental results for the energies of
the low-lying even-parity states of 12C, in units of MeV.

0þ1 2þ1 ðEþÞ 0þ2 2þ2 ðEþÞ
LO $96ð2Þ $94ð2Þ $89ð2Þ $88ð2Þ
NLO $77ð3Þ $74ð3Þ $72ð3Þ $70ð3Þ
NNLO $92ð3Þ $89ð3Þ $85ð3Þ $83ð3Þ
Expt. $92:16 $87:72 $84:51 $82:6ð1Þ [8,10]

$81:1ð3Þ [9]
$82:32ð6Þ [11]

TABLE III. Lattice results at leading order (LO) and experi-
mental values for the root-mean-square charge radii and quad-
rupole moments of the 12C states.

LO Expt.

rð0þ1 Þ [fm] 2.2(2) 2.47(2) [26]
rð2þ1 Þ [fm] 2.2(2) . . .
Qð2þ1 Þ [e fm2] 6(2) 6(3) [27]
rð0þ2 Þ [fm] 2.4(2) . . .
rð2þ2 Þ [fm] 2.4(2) . . .
Qð2þ2 Þ [e fm2] $7ð2Þ . . .
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the strongest overlap with the 0þ2 Hoyle state of 12C.
We use the multichannel method of Ref. [13] to find a

spin-2 excitation above the ground state, as well as a spin-2
excitation above the Hoyle state. In both cases, we make
use of the Eþ representation of the cubic rotation group on
the lattice. We summarize our results for the binding
energies of the low-lying, even-parity states of 12C in
Table II. The binding energies at NNLO are in agreement
with the experimental values.
In Table III, we present results at LO for the root-mean-

square charge radii and quadrupole moments of the even-
parity states of 12C, with experimental values given where
available. In this study, we compute electromagnetic
moments only at LO. We note that moments such as the
charge radius for resonances above threshold are dependent
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12 equivalent orientations of this compact triangular configuration.

FIG. 3 (color online). Illustration of the initial state ". There
are 24 equivalent orientations of this bent-arm or obtuse trian-
gular configuration.
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mental values for the root-mean-square charge radii and quad-
rupole moments of the 12C states.
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Carbon-12: summary

LO +	  NLO	  +	  IB	  +	  EM +	  NNLO Exp.	  Value

2
+
1

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1
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2

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26
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Interpreta8on	  of	  22-‐state	  as	  rota8onal	  excita8on	  of	  alpha	  chain
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Summary
LaQce	  EFT	  is	  a	  promising	  tool	  for	  a	  quan8ta8ve	  descrip8on	  of	  light	  nuclei

LECs	  are	  fiRed	  to	  binding	  energies	  and	  to	  phase-‐shios	  by	  spherical	  wall	  method

First	  simula8ons	  of	  ground	  (and	  excited)	  states	  for	  light	  nuclei	  with	  A=4,8,12

Interpreta8on	  of	  the	  Hoyle	  state	  in	  Carbon-‐12	  as	  bent-‐arm	  chain	  of	  alpha	  clusters

Predic8on	  of	  22	  state	  in	  Carbon-‐12	  +
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Outlook

Spectrum	  of	  Oxygen-‐16

Ground	  states	  of	  Nitrogen-‐14	  and	  Neon-‐20
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