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Outline

EFT for three-body systems

Infinite Volume

Finite Volume

Resonances in a finite volume
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Nuclear Scales and the Unitary Limit

Chiral EFT: Q ∼ mπ

⇒ contact interactions and pion
exchange between nucleons

Pionless EFT: Q ∼ γd ∼ 1/a

⇒ contact interactions only

Pionless EFT =⇒ expansion around the unitary limit

Unitary limit: a→ ∞, R ∼ re, ...→ 0 (cf. Bertsch problem, 2000)

T2(k, k) ∝
[
−1/a+ rek

2/2 + ...− ik
]−1

=⇒ i/k

Scattering amplitude scale invariant, saturates unitarity bound

Use as basis for EFT for shallow bound/virtual/resonant states
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EFT for the Unitary Limit

Effective Lagrangian (Kaplan, 1997; Bedaque, HWH, van Kolck, 1999)

Ld = ψ†
(

i∂t +
~∇2

2m

)

ψ + g2
4 d

†d− g2
4 (d

†ψ2 + (ψ†)2d)− g3
36d

†dψ†ψ + ...

2-body amplitude: (a)
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(b)
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=
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+

�

2-body coupling g2 near fixed point (1/a = 0)

⇒ scale and conformal invariance ⇐⇒ unitary limit
(Mehen, Stewart, Wise, 2000; Nishida, Son, 2007; ...)

3-body amplitude:

g3(Λ) ⇒ limit cycle

⇒ discrete scale inv.
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Three-Body Force: Limit Cycle

RG invariance =⇒ running coupling H(Λ) = g3Λ
2/(9g22)

H(Λ) periodic: limit cycle

Λ → Λ enπ/s0 ≈ Λ(22.7)n

(cf. Wilson, 1971)

Anomaly: scale invariance
broken to discrete subgroup

1 10
Λa

1

10

100

B
3
 m

a
2

1 10
-5

0

5

-H
(Λ

)

H(Λ) ≈ cos(s0 ln(Λ/Λ∗)+arctan(s0))
cos(s0 ln(Λ/Λ∗)−arctan(s0))

, s0 ≈ 1.00624

(Bedaque, HWH, van Kolck, 1999)

Limit cycle ⇐⇒ Discrete scale invariance ⇐⇒ Efimov physics
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Limit Cycle: Efimov Physics

Universal spectrum of three-body states (Efimov, 1970)

��������������
��������������
��������������
��������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������

1
a

E |E|
1/2

ξ

Loss resonances

Discrete scale invariance for fixed angle ξ

Geometrical spectrum for 1/a→ 0

Ultracold atoms =⇒ variable scattering length =⇒ loss resonances

Hadrons & Nuclei =⇒ universal correlations and scaling relations

Works also for natural interactions: a ∼ re ∼ R
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Infinite Volume Equation

Use dimer picture NREFT to bridge infinite and finite volume
HWH, Pang, Rusetsky, JHEP 1709 (2017) 109, JHEP 1710 (2017) 115

�

=

�

+

�

+

�

+

�

M(p,q;E) = Z(p,q;E) +

∫ Λ

k

Z(p,k;E)τ(k;E)M(k,q;E)

Z(p,q;E) =
1

p2 + q2 + pq−mE
+
H0

Λ2
+
H2

Λ2
(p2 + q2) + · · ·

τ−1(k;E) = k∗ cot δ(k∗) + k∗ , k∗ =

√

3

4
k2 −mE
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Finite-Volume 3-Body Problem

Kreuzer, HWH, PLB 673 (2009) 260, EPJA 43 (2010) 229, PLB 694 (2011) 424; Kreuzer,

Grießhammer, EPJA 48 (2012) 93

Dimer formalism, numerical solution of 3-body equation

Polejaeva, Rusetsky, EPJA 48 (2012) 67

Finite volume energy levels determined solely by the S-matrix

Briceno, Davoudi, PRD 87 (2013) 094507

Dimer formalism, quantization condition

Hansen, Sharpe, PRD 90 (2014) 116003; PRD 92 (2015) 114509

Quantization condition

Guo, PRD 95 (2017) 054508

Quantization condition in the 1+1-dimensional case

Mai, Döring, EPJA 53 (2017) 240

Three-body unitarity + analyticity

. . .
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Finite Volume Equation

k =
2π

L
n , n ∈ Z

3 ,

∫ Λ

k

→ 1

L3

Λ∑

k

ML(p,q;E) = Z(p,q;E) +
8π

L3

Λ∑

k

Z(p,q;E)τL(k;E)ML(k,q;E)

τ−1
L (k;E) = k∗ cot δ(k∗)−4π

L3

∑

l

1

k2 + l2 + kl−mE

Poles in the amplitude ⇒ finite-volume energy spectrum

k∗ cot δ(k∗) fitted in the two-particle sector

H0, H2, . . . fitted to three-particle energies

S-matrix in the infinite volume ⇒ equation with H0, H2, . . .
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Quantization Condition

Particle-dimer scattering amplitude

ML = Z + ZτLML

Three-particle scattering amplitude

τL + τLMLτL = (τ−1
L − Z)−1

Quantization condition – poles in the three-particle amplitude

det(τ−1
L − Z) = 0

Spectrum is determined by on-shell input

In agreement with:
Polejaeva & Rusetsky, Hansen & Sharpe, Briceno & Davoudi, Mai & Döring
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Reduction of QC: Symmetries

Döring, HWH, Mai, Pang, Rusetsky, Wu, Phys. Rev. D 97 (2018) 114508

Symmetry in a finite box: octahedral group Oh, including inversions
(rest frame), little groups (moving frames)

Reduction: analog of the partial-wave expansion in a finite volume

Analog of a sphere |k| = const.: shells

s =

{

k : k = gk0 , g ∈ Oh

}

Each shell s characterized by reference momentum k0

Shells are counted with increasing |k|
Momenta with |k| = |k′| but unrelated by Oh belong to different
shell
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Illustration of Shells in 2D

Plots courtesy of M. Ebert
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Expansion in Basis of Irreps

Expansion of arbitrary function of p, belonging to shell s:

f(p) = f(gp0) =
∑

Γ

∑

ij

T
(Γ)
ij (g)f

(Γ)
ji (p0) , Γ = A±

1
, A±

2
, E±, T±

1
, T±

2

Projecting out the components

G

sΓ
f
(Γ)
ji (p0) =

∑

g∈Oh

(T
(Γ)
ij (g))∗f(gp0) , G = dim(Oh) = 48

Kernel invariant under Oh: Z(gp, gq) = Z(p,q)

Z(ΓΓ′,ij)
nm (r, s) =

G

sΓ
δΓΓ′δijZ

(Γ)
nm(r, s)

Quantization condition in new basis partially diagonalizes
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Reduction of the Equation

Equation for energy spectrum

f(p) =
8π

L3

∑

s

∑

g∈Oh

ϑ(s)

G
Z(p, gk0(s))τ(s)f(gk0(s))

where ϑ(s): multiplicity of shell s

Projection on a given irrep Γ:

f
(Γ)
i (r) =

8π

L3

∑

s

ϑ(s)τ(s)

G

∑

j

Z
(Γ)
ij (r, s)f

(Γ)
j (s) .

Quantization condition partially diagonalizes

det

(

τ(s)−1ϑ(s)−1δrsδij −
8π

L3

1

G
Z

(Γ)
ij (r, s)

)

= 0 .
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Finite-Volume Spectrum in A1

Three-body spectrum below and above three-particle threshold
(CM frame)
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Bound-State Spectrum

Bound-State Spectrum: E = −1.016 and E = −10
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Three-particle comp.:
C

L3/2
exp

(

− 2√
3
κL

)

(Meißner, Ríos and

Rusetsky, ’16)

Particle-dimer comp.:
C ′

L
exp

(

− 2√
3

√
κ2 − a−2L

)

(Lüscher, ’86)

. . . or a linear combination (HWH, Pang and Rusetsky, ’17)
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Scattering States

Structure of scattering states

Avoided level crossing between three-particle and
particle-dimer states
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Resonances (two-body) ⇒ avoided level crossings
Wiese, Nucl. Phys. B (Proc. Suppl.) 9 (1989) 609

Signature of few-body resonances? e.g. 3 and 4 neutrons
Klos, König, HWH, Lynn, Schwenk, Phys. Rev. C 98 (2018) 034004
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Discrete Variable Representation

Klos, König, HWH, Lynn, Schwenk, Phys. Rev. C 98 (2018) 034004

Solve few-body problem in a box and investigate resonance
signatures

Numerical method: Discrete Variable Representation (DVR)
(cf. Bulgac, Forbes, Phys. Rev. C 87 (2013) 051301)

Start with some initial basis, here: φj(x) =
1√
L
exp(i2πjL x)

Consider (xk, wk) with
∑

k wk φ
∗
i (xk)φj(xk) = δij

Unitary Transformation: ψk(x) =
∑

i (
√
wkφi(xk))

∗
︸ ︷︷ ︸

U∗

ki

φi(x)

⇒ localized at xk =⇒ local interaction becomes diagonal

Convenient basis for box calculations

Test method for n-body resonances (n = 2, 3, 4) using simple
potentials
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Two-Body Resonances

Use barrier to produce S-wave
resonance (no bound states)

V (r) = V0 exp

(

−
(
r−a
R0

)2
)

Identify energy via phase shift
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Extract resonance energies from avoided level crossings
(fit inflection points)
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ER = 1.606(1) ⇔ 1.63(3) ER = 2.9821(3) ⇔ 2.98(3)
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Three-Body Resonances

Check with established three-body resonance from literature
Blandon et al., Phys. Rev. A 75 (2007) 042508

V (r) = V0 e
−( r

R0

)2
+ V1 e

−( r−a

R1

)2

V0 = −55 MeV, V1 = 1.5 MeV

R0 =
√
5 fm, R1 = 10 fm

m = 939 MeV

Two- and three-body bound states at E = −6.76 MeV and
E = −37.35 MeV

Three-body resonance at ER = −5.31 MeV, ΓR = 0.24 MeV

Fit inflection points to extract energy: ER = −5.32(1) MeV

Width not extracted
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Three-Body Resonances

Go back to shifted Gaussian potential with V0 = 2 and investigate
three-body resonances for bosons (no bound states)

Add three-body force V
(3)
0 = 0,−3,−6 to distinguish three-body

resonances from two-body resonances embedded in three-body
continuum

Three-body resonance extracted at ER = 4.17(8)
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Four-Body Resonances

Investigate four-body resonances for same potential (no bound
states)
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Four-boson resonance extracted at ER = 7.27(2)

Avoided level crossings appear also for multi-body resonances

Rigorous justification?
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Summary and Outlook

Effective Field Theory to analyze three-body spectrum in a finite
volume

Strategy: use EFT to bridge infinite and finite volume worlds

Fit coupling constants from finite volume spectra then predict
infinite volume observables using these couplings

Quantization condition can be reduced to different irreps of Oh

Nature of states from L dependence (cf. Akaki’s talk)

Future: higher partial waves, derivative couplings, relativistic
kinematics, inelastic reactions, ...

Few-body resonances from finite volume spectra

Discrete Variable Representation provides efficient method

Extracted resonances of up to 4 particles (no asymptotic
two-body channel required)

Apply to 3 and 4 neutron systems using chiral interactions
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